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|. Motivation



sum(n:int)

c :=0
while (n 0) do
C :=C+ n
h :=nh -1
assert (c >= n)
P CZxZ
Vne. c=0= Pnc

Vne. n>0APnc=P(n—1)(c+n)
Vne. n<0APnc=c>n



c=0=PFPnc
n>0ANPnc=P(n—1)(c+n)

n<O0APnc=c>n

Th = VYne. n>0A(c=0Vc>n)
= (c+n=0Vc+n>n—1)




repeat (f: int -> int) (s: int) (n: int) : int
if n <= 0 then s else f (repeat f s (n-1))

succ (u:int) = u + 1

assert (repeat succ 0 n >= n)

Repeat : (int — int — bool) — int — int — int — bool

n<0Ar=s= Repeat fsnr
n>0AfzrARepeat f s(n—1)z= Repeat fsnr
v=u+1= Succuv

Repeat SuccOnr =r >n



Il. Higher-Order Horn Clauses



Fix a (first-order), sorted assertion/constraint language:

(Sig, Th, F'm)
Consider higher-sorts:
L= int | .-
pu=bool|t—plp—p
Assume countably many variables Vars x,y,z... of each sort

Terms s,t,u... are built from Sig and Vars using application.

Atomic formulas:

» € Fm xty - tg : bool

General formulas built in the usual way, with quantification at all relational sorts.



Fix a family of sets A, in which to interpret each Sig sort 1.

Interpret general formulas s inside in the standard model over (A), :

e.g.

(Z,...), a« =Vz: (int — bool) — bool. s

iff
for all d € (Z = B) = B:

A,
B
Dy, = Dg,

(Z,...), a|x — d




Higher-Order Constrained Horn Clause Problem:

Fix a distinguished subset of relational variables, RelVars:

Rl c Ply « ooy Rkpk
Fix a set of horn clauses H over RelVars (the free variables of H are in RelVars):
Bi=true|xty ---tp |¢| BAB
H:=Vxp.H| B= R;x1 -2 | B= ¢

Determine if, for all models A of Th, there is some valuation a of RelVars such that:

A a=H PAVZ.s = ¢




In quantifier free linear arithmetic interpreted by Th(7Z,0, 1, +, —, <)...

Suce :int — int — bool
Repeat : (int — int — bool) — int — int — int — bool

n<0Ar=s= Repeat f snr

n>0AfzrARepeat fs(n—1)z= Repeat fsnr P

v=u+1= Succuv




The (safety) model checking problem for higher-order recursion schemes: [[Q’]] = L(.A)

5(QO7G’) — {1, 4o
S=1Fc 4(q1,0) d1
Fr=ax(F (bz)) 5(q1,c) ¢

In the quantifier free language of an 2-state automaton, interpreted by the theory of A:

Th(Trees, a, b, ¢, Qp, Q1) where Q; = {t € Trees |t € L(A, q;)}

Rrcx = Rsgx P
y=axzANRp(bx)z= Rrpxy




I1l. Symbolic Models of Higher-Type



n<0Ar=s= Repeat f snr

n>0AfzrARepeat fs(n—1)z= Repeat fsnr

v=u+1= Succuv

Suce— Auv. (v = u + 1)

Repeat — Afsnr.(Vxy. fey =y >x + 1) As >0 =r >n)



Repeat — Afsnr. Vxy. fey =y =2+ 1) As >0 =r >n

Repeat : (x:int — y > x+1) = siint - n:int > riint — (v > 0=1r > n)

Syntax: / se P \

A ¢ :: bool

AFES: o Ax:o0 T o9
ArFxz:S—T: 0, — 09

[AI—T::U] iff

AT, :0 -+ AFT,::0
AN, T 0

\_

Semantics:  [z:int — yiint —y > x + 17D
={peZ=7=B|Vmn.p(n)(m) implies n > m + 1}

/




Syntax:
(rieer )

iff

(

e :TkFx:T

s € Fm(T)
I'Fs:s

I'Fs:ax:85 —T I'Et:S

~N

\_

'k st:T[t/x]

['Fs:0¢
I'FsAt:

I'Et:q
¢ NP

Fl‘SITl Fl‘SZTQ
Fl_S:Tl/\TQ

Fl_SlTl T1§T2
Fl_S:TQ

Semantics:
(- 'Es:T .)

iff
4 )
A a = Th,T

implies

X

J

AakEs: T
\\\)

[s1% € [T]% ]

AETh

and
Aax=T

Ec. az) € [T](z) ]




Syntax:
P T

/For all R, if:

Rxy - xp=teP

and
R:x1:51 — -

then the following is provable:

F,ZCl 181,...
\_

,LUk:Skl_t:

'QC;C:S]C—>¢€F

¢

Semantics:

(E7)

(

/

For all models A of Th:
va. [P]4(x) € [T]*(2)

~\

J

A [P]J*ET



’ Soundness: N
= P : ' implies = P: T

FFSITimpIiesFZSIT
\

J
Writing [[P, 8]]54 for HSHﬁPﬂAUQ):
I_P:FandPUAFSI¢ I—Q:Fandf‘l—s:q
implies, for all A:Th and 6:A : implies
[[P, S]]gl c [[¢]]194 [[gjs]]Trees c [[q]]Trees

FPZFandPUAF82¢

implies for all A:Th, there is a valuation a:

A,a=PANANVA.s = ¢




n<0Ar=s= Repeat f snr

n>0AfzrARepeat fs(n—1)z= Repeat fsnr

v=u+1= Succuv

Find

I

such that

= P : I and
I''n:int,r :int = Repeat SuccOnr:r>n



IV. Algorithms



 Dependent (refinement) type inference for functional programs
* Bakst, Jhala, Kawaguchi, Rondon, Seidel, Vazou...
* Hashimoto, Kobayashi, Sato, Terauchi, Unno...

* Reduction to first-order horn clauses via a dependent type system
e Jhala, Majumdar and Rybalchencko CAV’11

* Extension of technology from HORS model checking
* TRecS/Lazy Annotation (Revisited) crossover




n<O0ANr=s= Repeal, fsnr
n>0Afzr A Repeat, fs(n —1)z = Repeat, f snr

n<O0Ar=s= Repeat; fsnr
n>0Afzr A Repeaty f s(n — 1)z = Repeat, fsnr

v=u-+ 1= Succuv

false = Repeaty f snr



Repeat, SuccOnr ANr < n

n > 0A Succ zr A Repeat; SuccO(n—1)zAr<n

n =0Ar =0Ar<n

n>0Ar=z+1A Repeat; SuccO0(n—1)zAr<n

Nn>0Nr=z4+1An—1=0Nz=0Ar<n

n>0Ar=z+1A Succy z A Repeaty SuccO (n —2)yAr<n

n>0Ar=z4+1ASuccyzA falseANr <n

n>0ANr=z4+1Az=y+ 1A falseANr<n



(v=u+1)[y/u,z/v])r N (cxt)r unsat

(v=u+1))rly/u,z/v] N (cxt)r unsat

(v=u4+1))r A (cxt)r Ny =uAz=wv unsat




Succyx:(v>u—+1)[x/v,y/ul

Succy :viint — (v > u—+ 1)y /u]

Succ: uiint > viint v >u+1




s> 0= 1r>mn = Interpolant (... / ...)

Repeat, SuccO0(n—1) z: x[z/r,(n —1)/n,0/s]

Repeat; SuccO(n—1):rwe — x[(n —1)/n,0/s]

Repeat; Succ 0 : n:e — rie — x[0/s]
Repeat, Succ : s:t — n:it — rie — X

Repeat, : (uit > vie > v>u+1) > st > niw—>rie—x




Functional programs

Higher-order recursion schemes

Higher-order horn clauses

* Higher-order constraint problems
e Technology transfer from HORS model checking to HOHC satisfiability
e Higher-order co-horn clauses (type inference)



End



