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What this talk is about

a denotational model for a core fragment of Java 

the model is complete wrt contextual equivalence

first of this kind and constructed in game semantics



Denotational Semantics

Translate programs into a formal model (of 'functions'):
● abstract mathematical description
● free-of-syntax meaning

 

M

L        program:  P

denotation:   P 



Power of denotations

Abstract away from implementation details 

Compositional translation:
● modelling of components in isolation
● modularity

 

Useful for understanding & analysing programs

M

L        program:  P

denotation:   P 



Full abstraction criterion

Ideally, a mathematical model exactly describes the 
meaning of elements in a system (here: programs)

  

Full abstraction (equational):   
 

 

P ≅ P'    P  =  P' 

read P ≅ P' as: 
same observable behaviour in every context

 

i.e. for all closing contexts C, 
C[P] terminates  �  C[P'] terminates 



Full abstraction criterion

Ideally, a mathematical model exactly describes the 
meaning of elements in a system (here: programs)

  

Full abstraction (equational):   
 

 

Full abstraction (inequational):

P  P'    P    P' 

P ≅ P'    P  =  P' 



Full abstraction pictorially
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The quest for full abstraction

1977 [Milner, Plotkin]:  
● Formulation of the problem
● Functions cannot capture sequentiality (PCF)
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The quest for full abstraction

1977 [Milner, Plotkin]:  
● Formulation of the problem
● Functions cannot capture sequentiality (PCF)

 

1980-90's:
● Function stability [Berry, Bucciarelli, Erhard]
● Sequential algorithms [Berry, Currien]

 

1993 [AJM, HO/N *]: Game semantics (PCF)

● 'Functions' with operational content (games)

* Abramsky, Jagadeesan, Malacaria; Hyland, Ong; Nickau



  

From PCF to realistic languages

  Full Abstraction for PCF (early 90's)
 

  First stage (1993-2004)
● Models for various variants of Idealized Algol

(non-determinism, exceptions, call-by-value, …)
 

  Nominal game semantics (2004-)
● Fragments of ML, now Java (IMJ)
● Fundamental difference: use of resources (names)



  

Interface Middleweight Java (IMJ)

Object calculus based on MJ [Bierman, Parkinson, Pitts]
● Objects, inheritance, casting, interfaces
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Interface Middleweight Java (IMJ)

Object calculus based on MJ [Bierman, Parkinson, Pitts]
● Objects, inheritance, casting, interfaces

Types θ  ::=   void  |  int  |  
 

Interface definitions
 

Θ  ::=     |  (  f     : θ  
), Θ  |  (  m  :  θ → θ ), Θ

 

Interface tables
 

Δ  ::=     |  (       : Θ  
), Δ  |  (      :  Θ  

), Δ

interface ident.

field identifiers

method identif.



  

Interface Middleweight Java (IMJ)

Terms
M ::=  skip  |  a  |  null  |  x  |  i  |  M ⊕ M   |  if M M M 
 

 |  let x = M in M  |  M = M   |  ()M
 

|  new(x : ; M)   |  M.f   |  M.f := M   |  M.m( M )
 

Method implementations M ::=     |  (m : λx.Μ), M



  

Interface Middleweight Java (IMJ)

Terms
M ::=  skip  |  a  |  null  |  x  |  i  |  M ⊕ M   |  if M M M 
 

 |  let x = M in M  |  M = M   |  ()M
 

|  new(x : ; M)   |  M.f   |  M.f := M   |  M.m( M )
 

Method implementations M ::=     |  (m : λx.Μ), M

M  =  { mi : λxi .Μi | 1  i  n }



  

IMJ: operational semantics

S, Μ   →  S', M'   

S, let x = v in M  →  S, M[v/x] 

S, a = a'  →  S, 0/1 

S, ()a  →  S, a   if  S(a) : '  and  ' £  

S, new(x : ; M)  →  S ) {(a, , (V, M[a/x])}, a

S stores object names 
+ their types and values
 

Obj : set of obj. names

a,a' Î Obj

V : default field values



  

IMJ example*

M1 : let   u = new( Var
Emp )  in 

new( Cell; M1 ) : Cell
 

M1  : get :  λ(). u.val,

set :  λy. u.val := y   

Δ  =   Empty: ,  
Cell: (get: void → Empty, 

    set: Empty → void),
Var

Emp
: (val: Empty),  

Var
Int

: (val: int) 

* Koutavas & Wand, 2007
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M1 : let   u = new( Var
Emp )  in 

new( Cell; M1 ) : Cell
 

M1  : get :  λ(). u.val,

set :  λy. u.val := y   

Δ  =   Empty: ,  
Cell: (get: void → Empty, 

    set: Empty → void),
Var

Emp
: (val: Empty),  

Var
Int

: (val: int) 

M2 : let    b = new( Var
Int )  in 

let   u1 = new( Var
Emp 

)  in 

let   u2 = new( Var
Emp 

)  in 

new( Cell; M2  )  : Cell

M2  : get :  λ(). if  b.val  

then  b.val := 0 ; u1.val 

else  b.val := 1 ; u2.val,

set :  λy. u1.val := y ;

         u2.val := y   

* Koutavas & Wand, 2007



  

IMJ example*

M1 : let   u = new( Var
Emp )  in 

new( Cell; M1 ) : Cell
 

M1  : get :  λ(). u.val,

set :  λy. u.val := y   

Δ  =   Empty: ,  
Cell: (get: void → Empty, 

    set: Empty → void),
Var

Emp
: (val: Empty),  

Var
Int

: (val: int) 

M2 : let    b = new( Var
Int )  in 

let   u1 = new( Var
Emp 

)  in 

let   u2 = new( Var
Emp 

)  in 

new( Cell; M2  )  : Cell

M2  : get :  λ(). if  b.val  

then  b.val := 0 ; u1.val 

else  b.val := 1 ; u2.val,

set :  λy. u1.val := y ;

         u2.val := y   

* Koutavas & Wand, 2007

M1   ≅ M2  



  

IMJ example: game semantics
Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  
Var

Int
: (val: int) 

M1 : let   u = new( Var
Emp 

) in 

new( Cell; M1 ) : Cell
 

M1 : get :  λ(). u.val,

set :  λy. u.val := y   

 M1   =  *  n Σ0  ( call n.get() Σ0  ret n.get( nul ) Σ0 )*

  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set( ) Σ2  ... 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P
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  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set( ) Σ2  ... =   M2 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P
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: (val: Empty),  

Var
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Game Semantics

Computation is modelled as a 2-player game between:

● Opponent (the environment, O )
● Proponent (the program, P ) 

 

Qualitative games ( ≠ Game Theory)
 

Computations = plays of a specified game
 

Programs = strategies for P
 

Families (i.e. categories) of games



  

Game infrastructure

x
1
:θ

1
, …, x

n
:θ

n
  ⊢ M : θ

input types

output type
free variables

program



  

Game infrastructure

x
1
:θ

1
, …, x

n
:θ

n
  ⊢ M : θ

input types

output type
free variables

program

M  :  θ
1
, …, θ

n
           θ

strategy arenas



  

Arenas of initial moves

strategy arenas

M  :  θ
1
, …, θ

n
           θ



  

Arenas of initial moves

arenas

void = { * }

int = { 0, 1, -1, … }

 = { a, b, … , n, … }
 

                 ( + type =  )

initial moves

M  :  θ
1
, …, θ

n
           θ

a, b, n,…  N

  
N

  
the set of names

strategy



  

Games for IMJ programs

Program interactions are modelled by sequences of 
moves-with-store, written mΣ, where:

 

stores are of the form:   

Σ = {n (Emp, ), a (Ptr, val a), p (Pt2, x  1, y  0),
            c (Ptr', ), q (Pt2', ), … }                           

         

move m is either:

– an initial move
– an object method call/return

 call c.set(c'),
 ret q.get(5,4), …

Ptr' : ( get : Ptr' → Ptr', set : Ptr' → Ptr' )
Pt2' : ( get : void → (int,int), set : (int,int) → void )



  

Plays, strategies

 call n.set(12) (n  IntCell, val=5), … 
Plays : sequences of moves-with-store
 
Strategies : sets of plays

●  moves have polarities (O/P ), which alternate
  

●  P calls methods of O, and viceversa; dually for returns
 

●  calls and returns obey the object interfaces
  

●  strategies are closed wrt to O-subtyping
 … 

 M   :   I
inp

             I
out

 

arenasstrategy



  

Examples

x : Var, f : Fun  ⊢  f.val (x.val) + 1 : int 

Var  : ( val : int )   Fun : ( val : int → int )
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Examples

x : Var, f : Fun  ⊢  f.val (x.val) + 1 : int 

Var  : ( val : int )   Fun : ( val : int → int )

 x : Var, f : Fun   ⊢  f.val (x.val) + 1 : int  
 = { (x,f)(x.val = i)  call f.val(i)(x.val = i)  ret f.val(j)(x.val = i') ( j+1)(x.val = i') }

O :  (x,f)(x.val = 4)

P :  call f.val(4)(x.val = 4)

O :  ret f.val(50)(x.val = 73)

P :  51(x.val = 73)



  

IMJ example: game semantics

 M1   =  *  n Σ0  ( call n.get() Σ0  ret n.get( nul ) Σ0 )*

  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set( ) Σ2  ... 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P
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Var
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: (val: Empty),  

Var
Int

: (val: int) 
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IMJ example: game semantics
Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  
Var

Int
: (val: int) 

M1 : let   u = new( Var
Emp 

) in 

new( Cell; M1 ) : Cell
 

M1 : get :  λ(). u.val,

set :  λy. u.val := y   

 M1   =  *  n Σ0  ( call n.get() Σ0  ret n.get( nul ) Σ0 )*

  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set( ) Σ2  ... =   M2 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P

M2 : let    b = new( Var
Int )  in 

let   u1 = new( Var
Emp 

)  in 

let   u2 = new( Var
Emp 

)  in 

new( M2  )  : Cell

M2  : get :  λ(). if  b.val  

then  b.val := 0 ; u1.val 

else  b.val := 1 ; u2.val,

set :  λy. u1.val := y ;

         u2.val := y   



  

Composition

Compound programs translated compositionally
● Strategy composition: play one strategy against 

the other

  θ
1

                 θ
2

                 θ
3

  M
2

  M
1

 

    M
2

  ○  M
1

 



  

Composition issues

Playing strategies against each other requires to:
● Dynamically determine object ownership
● Extract which moves are interacting
● Match & hide interacting O/P moves

  θ
1

                 θ
2

                 θ
3

  M
2

  M
1

 



  

Composition issues

Playing strategies against each other requires to:
● Dynamically determine object ownership
● Extract which moves are interacting
● Match & hide interacting O/P moves

  θ
1

                 θ
2

                 θ
3

  M
2

  M
1

 

OO

PO OP

OL
OR

PL PR

PLOR

OLPR



  

Full abstraction for IMJ

Lemma. The game model is sound
 

Lemma. Every finitary strategy is IMJ-definable
 

Theorem. The game model is fully abstract

P  P'    P    P' 
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TCS'05
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Further on

Program analysis for IMJ
● Algorithmic representations
● Automata over infinite alphabets
● Equivalence tests (complete fragment)

  

Further effects & analyses
● Exceptions (cf. FoSSaCS'14)
● Concurrency (cf. Jeffrey & Rathke '05, Laird '06)
● Model checking



  

Further on

Program analysis for IMJ
● Algorithmic representations
● Automata over infinite alphabets
● Equivalence tests (complete fragment)

  

Further effects & analyses
● Exceptions (cf. FoSSaCS'14)
● Concurrency (cf. Jeffrey & Rathke '05, Laird '06)
● Model checking

thanks!
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