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Introduction

Core Language for Agda

@ Small language which can express Agda's features

@ (Co)inductive families

@ Dependent pattern matching
© Coverage

@ Universe stratification

© Termination

@ Small Trusted Code Base
@ Explaining induction-recursion, induction-induction, ...

@ Input for backend (compiler)
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Introduction

From PiSigma to TypeCore

Dependent functions [1

Dependent pairs >

Atoms (labels) Bool = {’true.’ false}
Case Non-dependent pattern matching

Equality

o Generalreeursion Well-founded recursion

o FypeType Stratified universes with polymorphism
@ Sizes and measures

@ Higher-order subtyping

@ Bounded size quantification Vi < j, 4i < j

Andreas Abel (LMU) TypeCore DTP '11 3/16



Introduction

Simple Types

Unit type 1 = {"unit}

@ Strict product A B=X_: A B
@ Lazy product A x B (using left application a > f := f a)
AxB = (x:Bool)—x > A {'true — A
; 'false — B }
pairab = X {'true — a

; 'false — b }

Disjoint sum A+ B

A+ B = Xx:Bool. x > A {’true — A
; 'false — B }

inla = ("true, a)

inrb = ('false, b)
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Introduction

Least Fixpoints

Example (natural numbers): F X =1+ X

Inflationary iteration:
pF=JFF)

j<i

Least fixed-point:
uF = U,U,iF

@ Special cases for monotone F:
WwoFE =4
WF = F ()
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Introduction

Sizes and Bounded Quantification

@ 0,1,---:Size and successor _+ 1
o [ - a < b size comparison

@ Bounded universal

F,_i<th_:C v< FrEt:Vvi<b C _r|_a<bv<E
F=ANi—t:Vi<b C I+ta: Cla/i]

@ Bounded existential

Mi<bxAkFt:C - Na<b =t: Cla/i]
M(,x):di<b. Akt:C M (a,t):di<b. C

I<R
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Introduction

Higher-Order Subtyping

@ Union is covariant:

I,i:Size - C : Set
N+=3i < _. C:+Size — Set

[+ F:4Size— C T pash

Fr~-Fa<Fb:C

@ Intersection is contravariant:

I,i:Size - C : Set
Vi< _. C:—Size — Set

[+F:-Size— C T pash

Fr-Fb<Fa:C
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Introduction

Natural numbers

Nat : +Size — Set Nat Set
Nati = 3j<i. 1+ Natj Nat 3i. Nati
Zero - Vi Nat(i+1) zero Nat
zeroi = (i,inl’unit) zero (1,2ero0)
succ  : Vi Nati— Nat(i+1)  succ Nat — Nat
Succin = (i,inrn) succ (7, n) (i 4+ 1,8uccin)
double . Vi. Nati — Nat
doublei (j<',inl)) = zero
double i (j<',inrn) = succ(succ(doublejn)
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Introduction

Termination Measures

@ Making termination argument explicit:

double . Vi. |i| = Nati — Nat
doublei (j<',inl.) = zero
doublei (j<',inrn) = succ (succ(doublej n)

@ Termination problem is type-checking problem:

i . Size

double : Vj<i. Natj— Nat
(j,inrn) : Nati

succ (succ (double j n) : Nat

@ Extends to lexicographic measures.
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Introduction

Induction-recursion is just mutual recursion

@ A universe of Nat and I1.

0 : +Size — Set

0i = J<i1+%A:0j. EjA—-0j
El . Vi. 07— Set

Eli(</,inl’unit) = Nat

Eli (G</,inr (A, B)) (x: EljA) — Elj(Bx)
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Introduction

Greatest Fixpoints

e Example (streams): F X = A x X
o Deflationary iteration:
VIF =) F/(/F)
J<i

o Greatest fixed-point:

I/F:mI/iF

Special cases for monotone F:

N F = T
VITLF = FI(VIF)
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Introduction

Stream
Streami A

head
head s
tail
tailsj
cons

consas j<itt
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Streams

—Size — +Set — Set
Vj < i. Ax StreamjA
Stream i A — Vji<i.A
s j'true

Stream i A — Vj <. gtreamjA
s j'false

A — Stream i A — Stream (i + 1) A
pairas
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Introduction

Streams (Limit)

Stream : +Set — Set

StreamA = Vi. StreamiA

head : StreamA — A

head s — head(s1)0

tail : Stream A — Stream A
tailsi = fail(s(i+1))i

cons : A — Stream A — Stream A
consasi = consa(si)
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Introduction

Programming Streams

@ Define streams by their projections:

map : (A— B) — Vi. Stream i A — Stream i B
mapfisj'true = f(sj'true)
mapfisj'false = mapf j(sj'false)
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Conclusions

@ Expressive language with small implementation:
© Type checking.
@ Size comparison.
© Higher-order subtyping and equality checking.
@ No extra termination/positivity checker.
© No semi-coninuity check.

o Consistent, but not strongly normalizing.
e TODO:

e Reduction strategy (cf. PiSigma).
o Implementation: Evolve MiniAgda into TypeCore.
e Correctness by model construction.
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Conclusions
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