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Properties of T

The following properties are the key to construct a
predicate model of the generic effect system:

Lemma
m: XS T1X.

Lemma
f:X5>TeY = f#:TdX 5> T(d-e)Y.

= we introduce graded monads.
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Graded Monad

Let (E, <, 1,-) be a preordered monoid.
Definition
A graded monad (on Set) consists of:

@ T sends e € E and a set A to a set TeA.

@ T1a:A— T1A.

@ (-)¢"¢ : (A= Te'B) — (TeA = T(e- €')B).

Exercise
Guess the axioms of graded monads.

Katsumata (NII) Shonan school17 May, 2017 4/32



Graded Monad

Proposition
Graded monad on Set ~ lax monoidal functor

T :E — ([Set, Set],Id, o)

A graded ring R comes with an N-indexed family R; of
abelian groups such that

RR CR.. R=(PR
Such a family R; forms a lax monoidal functor

R: (N,0,+) — (Ab,l,®)
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Graded Writer Monad

Consider the preordered monoid of languages over A:
E = (P(A*),C, {€}, %) (x: language concat.)
Graded Writer Monad:

T : (P(A*),C) — [Set, Set]
TeA = exA

T1,A - A-> T{E}A
Tia = da.(ea)

(-)e#*e . (A= Te'B) — (TeA = T(e x €')B)
fe#e/(a1 c. an) — f(a1) . f(an)

Katsumata (NII) Shonan school17 May, 2017 6/32



Cardinality-Graded Powerset Monad

Consider the ordered multiplicative monoid
(N, <, 1, %).
Cardinality-graded powerset monad:
P : (N,<) — [Set, Set]
PeA = {(XCA|card(X) < e}

Pia  A->P1A
Pia = Aa.{a}

(-)e7® . (A= Te’'B) — (TeA = T(e x €')B)
fere’ = aXx. Uxex f(X)
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Graded State and Continuation Monads

E=(E,s,1,-)  preordered monoid
S : (E, s) — Set any functor

The following end is a graded monad for E on Set:
SeA — f Sd = (A x S(d-e))
de(E,x)

CeA = f (A = Sd) = S(e - d)
de(E,x)
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Graded State and Continuation Monads

1,-)  preordered monoid
— Set any functor

B = (E,
S:(E, S)
Theorem

For any parametrized monad [Atkey’09]

T : E% X E x Set — Set, the following is a graded
monad for E.

TeA:fT(d,d-e,A),

d
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Graded Monads for Join Semilattices

Let (E, <) be a join semilattice.

Proposition
The following are isomorphic data:
@ A graded monad for (E, <, L1, V)
@ A functor of type (E, <) — Monad(Set)

C.f. generalised monad [Fillatre '99]
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Alg. Ops. for Graded Monads

What is a good notion of algebraic operation for graded
monads? Using the correspondece:

(1,2 e P(1,2) = xUy: (PX)? = PX
we can derive:
(1,2} e P2{1,2} & xUy: (PeX)? - P(2e)X,
but the latter is not very useful...

M:7&e N:7&e
MorN:1& 2e
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Alg. Ops. for Graded Monads

The previous rule demands us to align the effect of
each branch of or:

T& 3
M:7&6 N:7&6
MorN 7&12

We would rather like to have

M:7&3 N:7&6
MorN:7&3-+6

Thus the effect of or should be computed by an
external function, not by a single effect.
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Alg. Ops. for Graded Monads

An effect function on E is a monotone function
€: (E,<)" — (E, <) such that

6(91,"' ,en).e: 6(91 ce, - ’en.e)
This reflects the equality
a(cq, -+ ,cn)>=k =a(cy >=k,---,cp>=K).

An effect function describes the effect of an algebraic
operation.
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Alg. Ops. for Graded Monads

Definition
An (n, ¢)-algebraic operation of a graded monad T is

g, o A TOIAX - X TepA — T(e(eq,---,€n))A
such that forany f : A — TeB,

a(c®>=°f,--- c%>=°f)

=a(c, - ,c) (o)t f

Example: (V) : PnA x PmA — P(n+ m)A
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Effect Observation

It is often tedious to construct a graded monad by hand. |

We present a construction via an effect observation:

O:T (S.K)

@ (S,C)is a preordered monad over Set [K&Sato '13]
— modeling an ordered algebra of effects

@ T is a Set-monad
— modeling side-effects of a language

@ O: T — Sisamonad morphism
— modeling the abstraction of side-effects
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Effect Observations

Given an effect observation:
O:T

(S.5)
We construct a monoid E:
E = (S1,Cq,1, %)

(€)”

1=17-81 exe = 1-2-51-L 51

and a graded monad D:
DeA ={ce TA|O;0Tla(c) C; €}

|
A A 14 O S
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Graded Writer Monad

From
{-}: Wr

We construct a monoid E:

(Po Wr,Q)

E = (P(Wr1),c, 1, %) = (P(A"), S, {€}, %)
and a graded monad D:

DeA ={(w,c) e A" xA|{(w,x)}ce}~exA
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Graded Monad for Effect Analysis

Let > be a ranked alphabet.
E = (P(XI+1),---)

Meaning of effects:
e {f,g,*}: May perform f, g, or return a value
e {f,g,c}: May perform f, g, or ¢ (but no return value)
DeA = {c € TsA | ops(c) C e}
ops(t) = {o| o occurs in t} U {x | t is not closed}

ops(f(x. ¢c())) = {f.c.x} ops(f(d(),c())) = {f.c.d}
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Graded Monad for Effect Analysis

From
|=1:Ts (P(IXl+-),<)

IX| = 1{x}, lo(t,- -, t)|={o}Ult|U--- Uty
We construct a monoid E:

E=(P(IZ]+1),S,1, %)

whose multiplication is

(f, . %) * (£, p. q.*} = {£. 9. p. q. )
and a graded monad D:

DeA = {c € TxA | [c[*/i]ical C €}
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Graded Monad for Effect Analysis

From
|=1:Ts (P(IXl+-),<)

IX| = 1{x}, lo(t,- -, t)|={o}Ult|U--- Uty
We construct a monoid E:
E=(P(X|+1),C,1,%)

whose multiplication is
{f.gt x {f,p,q,*} = {f, g}
and a graded monad D:
DeA = {c € TxA | [c[*/i]ical C €}
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Algebraic Operation

O:T (S.K)

The monad morphism O sends an n-ary algebraic
operation a for T to the one O« for S.

Theorem

For any n-ary algebraic operation a for T, « restricts to
(n, Oa)-algebraic operation for D:

aeh...’en,/ De‘] I XX Denl — D(Oa(e‘], ttt en))l

v
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Effect System EFe

A calculus EFe for E = (E, <, 1,-) consists of:
@ Type

ti=b|tr=>1|Ter (beB,eckE)
@ Explicit subeffecting rule

[FM:Ter e<é’
rrT(ese,M): Te'r
@ Pure computation and sequential execution

[+M: 1 [+-M:Ter ILx:teN:Teo
FH[M]: Tt Trlet*® xbe MinN: T(e-¢e)o
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Effect System EFi

A calculus EFi for E = (E, <, 1, -) consists of:
@ Type

ti=b|lrt=>71|Ter (beB,ecE)
@ Implicit subeffecting rule

'FM:Ter esgeé
N M: Te'r
@ Pure computation and sequential execution

[+M: 1 '+M:Ter I,x:t+N:Teo
[F[M]:Tit TrletxbeMinN:T(e-e)o

Katsumata (NII) Shonan school17 May, 2017 22/32



Refinement Semantics of EFi

@ A graded monad over the CCC Sub(Set)
@ A monad over the CCC Set

A semantics of EFi is given by
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Resolutions of Monads

An adjunction yields a monad:

L
R

C D - C:)ROL

A monad yields two adjunctions:

P
TCC = C/’,_f
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Resolutions of Monads

An adjunction transports a monad:

C DDT:> C:)ROTOL

A monad yields two adjunctions:

i
TCC — C/’,_f
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Resolutions of Graded Monads

An adjunction transports a graded monad:

C D) T— CORo(T-)oL(=)

A graded monad yields two adjunctions with twists:

. B /CQS—
S

CT) S—
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Eilenberg-Moore Like resolution

... of a graded monad T uses the category C" of
graded algebras of T:

A:(E,g) > C, age: Te(Ae') - A(eg’).

Ae—L-Ti(Ae)  Te(Te'(Ae”)) T2 Te(A(e'e”))

N f E

Ae T(ee’)(Ae”) —z—A(ee’e”)
It comes with a twist functor S : (E, <) — [CT,CT]:

Sd(A,a) = (e . A(ed), e, €’ . @geq)
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Eilenberg-Moore Like resolution

... of a graded monad T uses the category C" of
graded algebras of T:

A:(E, ) > C, age: Te(Ae') - A(eg’).

Ae—L. T+ (Ae) Te(Te’(Ae”)) Tea Te(A(e’e”))

N | E

Ae T(ee’)(Ae”) —z—A(ee’e”)

It comes with a twist functor S : (E, <) — [CT,CT]:

S1=1d, S(dd’)= Sdo Sd
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Kleisli-Like Resolution

... of a graded monad T uses the following category Cr:
Object (e,A)wheree € E,A € C
Morphism The homset Cr((e,A),(e’,B)) is

deE
f E(ed, e’) x C(A, TdB)

It comes with a twist functor S : (E, <) — [Ct, Cy]

Sd(e,A) = (ed, A)
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Category of Resolution of Graded

Monads

Let T be an E-graded monad on C.
Object consists of
C_I"D)s-
such that S1 = Id and S(dd’) = Sd o Sd’
Morphism Map of adjunctions and twists.
Theorem (Fuijii, K, Melliés '16)

Cr and CT are initial and final in the category of
resolutions of T.
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Action of a Monoidal Category

A monoid homomorphism
f:E— (C= C,idg,0)

is nothing but a monoid action of E on C.
Its categorical analogue is a strong monoidal functor

F:E — ([C,C],1d, o).

@ Called actegory (McCrudden) / E-category
(Pareigis).

@ Kelly and Janelidze studies when F has a right
adjoint.
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(Op)Lax Action of a Monoidal Category

For a lax monoidal F : E — ([C,C],Id, o),
@ Durov employed it as a generalisation of graded
ring.
@ Smirnov studies it under the name graded monad.
@ It is mentioned in [Atkey '08].
@ A calculus similar to EFe / EFi appears in the
APPSEM paper by Benton et al.
@ Mellies studies it under the name parametric
monad / negative E-category.
For an oplax monoidal F : E — ([C, C],1d, o),
@ See recent work on coeffects [Petricek, Orchard,
Mycroft *13], [Brunel, Gaboardi, Mazza, Zdancewic
’14], [Ghica, Smith 14] and bounded LL.
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Parameterisations of Monads

Generalised monad Lax functor to bicategory B[C, C]
[Fillatre '99] [Benabou ’67]

converts to

Graded monad ona d"€l: Parametric monad [Mellies *12]

preordered monoid [K ’14] Graded moand [Smirnov’08]
Polymonads [Guts et al. '14]
|
Productorson . Multifunctor from D to the
effectors [Tate '13] underlying multicategory of [C, C]

Preorder-parametrisedc__________ Parameterised monad
monad [Atkey '09] [Atkey’09]
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