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What is a pure computation?

x f(x)



What is an effectful computation?

::= v
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A command-response tree.



Example: bit toggling

get : bool
puttrue : 1
putfalse : 1
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Example: increment

get : N
puti : 1, i ∈ N
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Example: drunk coin toss

choose : bool
fail : 0

choose

choose

Heads

true

Tails

false

true
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Pure computation of an effectful computation

x x

Special case: pure function as an effectful computation

x f(x)



What is an effectful computation?
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Equivalently (ignoring result values):

m ::= return v | op 〈m1, . . . mk〉

Equivalently (accounting for result values):

m ::= return v | op (λx.case x {v1 7→ m1; . . . ; vk 7→ mk})



Examples

Boolean state

toggle = get 〈putfalse 〈return true〉, puttrue 〈return false〉〉

Natural number state

increment = get 〈put1 〈return ()〉, . . . , puti+1 〈return ()〉, . . .〉

Nondeterminism

drunkToss = choose 〈choose 〈return Heads, return Tails〉, fail〈〉〉



Command response trees are free monads

I A computation of type A is a tree whose leaves have type A
I Return is return
I Bind perfoms substitution at the leaves

return v>>= f = f v
op 〈m1, . . . , mn〉>>= f = op 〈m1 >>= f , . . . , mn >>= f 〉



Algebraic effects

An algebraic effect is given by a signature of operations and a
collection of equations.

Example: boolean state
Signature

get : bool
puttrue : 1
putfalse : 1

Equations

puts 〈puts ′ 〈m〉〉 ' puts ′ 〈m〉
puts 〈get 〈mtrue, mfalse〉〉 ' puts 〈ms〉

get 〈puttrue 〈m〉, n〉 ' get 〈m, n〉 ' get 〈m, putfalse 〈n〉〉
get 〈get 〈m, m ′〉, n〉 ' get 〈m, n〉 ' get 〈m, get 〈n ′, n〉〉



Interpreting algebraic effects
Example: boolean state
Standard interpretation (Jcomp AK = bool→ JAK× bool)

Jreturn vK = λs.(JvK, s)
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.JmKs ′

Discard interpretation (Jcomp AK = bool→ JAK)

Jreturn vK = λs.JvK
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.JmKs ′

Logging interpretation (Jcomp AK = bool→ JAK× list bool)

Jreturn vK = λs.(JvK, [s])
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.let (x, ss)← JmKs ′ in (x, s :: ss)



Example: boolean state, standard interpretation

Jcomp AK = bool→ JAK× bool

Jreturn vK = λs.(JvK, s)
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.JmKs ′

Sound and complete with respect to the equations.

m ' n ⇐⇒ JmK = JnK

Bit toggling

JtoggleK = λs.if s then (true, false) else (false, true)



Example: boolean state, discard interpretation

Jcomp AK = bool→ JAK

Jreturn vK = λs.JvK
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.JmKs ′

Sound with respect to the equations.

m ' n =⇒ JmK = JnK

Not complete because:

Jputs 〈return v〉K = Jreturn vK

Bit toggling

JtoggleK = λs.if s then true else false = λs.s



Example: boolean state, logging interpretation

Jcomp AK = bool→ JAK× list bool

Jreturn vK = λs.(JvK, [s])
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.let (x, ss)← JmKs ′ in (x, s :: ss)

Complete with respect to the equations.

m ' n ⇐= JmK = JnK

Not sound because:

Jputs 〈puts ′ 〈m〉〉K 6= Jputs ′ 〈m〉K
Jget 〈puttrue 〈m〉, n〉K 6= Jget 〈m, n〉K 6= Jget 〈m, putfalse 〈n〉〉K

Bit toggling

JtoggleK = λs.if s then (true, [true, false]) else (false, [false, true])



Algebraic effects without equations

I Different interpretations are useful in practice
I We adopt free algebraic effects: no equations
I Algebraic computations are command-response trees modulo

equations
I Abstract computations are plain command-response trees
I Different interpretations give different meanings to the

same abstract computation



What is an effectful computation?

::= v
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Equivalently (ignoring result values):

m ::= return v | op 〈m1, . . . mk〉

Equivalently (accounting for result values):

m ::= return v | op (λx.case x {v1 7→ m1; . . . ; vk 7→ mk})



Interpretations as effect handlers
Example: boolean state
Meta level interpretation (enumerated continuations)

Jreturn vK = λs.(JvK, s)
Jget 〈m, n〉K = λs.if s thenJmKs else JnKs
Jputs ′ 〈m〉K = λs.JmKs ′

Meta level interpretation (continuations as functions)

Jreturn vK = λs.(JvK, s)
Jget kK = λs.Jk sK s

Jputs ′ kK = λs.Jk ()K s ′

Object level effect handler

return v 7→ λs.(v, s)
get () k 7→ λs.k s s
put s ′ k 7→ λs.k () s ′



Interpretations as effect handlers
Example: nondeterminism
Meta level interpretation (enumerated continuations)

Jreturn vK = [JvK]
Jchoose 〈m, n〉K = JmK ++ JnK

Jfail 〈〉K = []

Meta level interpretation (continuations as functions)

Jreturn vK = [JvK]
Jchoose kK = Jk trueK ++ Jk falseK

Jfail kK = []

Object level effect handler

return v 7→ [v]
choose () k 7→ k true ++ k false
fail () k 7→ []



Handlers in Links (demo)



Algebraic effects

Gordon Plotkin John Power

Effect handlers

Gordon Plotkin Matija Pretnar



Operational semantics

handle V with H N[V/x]
handle E[do opi V] with H Ni[V/p, λx.handle E[x] with H/k]

where
H = return x 7→ N

op1 p k 7→ N1

. . .
opn p k 7→ Nn



Typing rules

Operations

∆; Γ ` V : A

∆; Γ ` do op V : B!{op : A→ B; R}

Handlers

∆; Γ `M : C ∆; Γ ` H : C⇒ D

∆; Γ ` handle M with H : D

C = A!{(opi : Ai → Bi)i; R} D = B!{(opi : Pi)i; R}
∆; Γ , x : A `M : D [∆; Γ , p : Ai, k : Bi → D ` Ni : D]i

∆; Γ ` return x 7→M
(opi p k 7→ Ni)i

: C⇒ D



Deep vs shallow handlers
Deep

handle E[do opi V] with H Ni[V/p, λx.handle E[x] with H/k]

C = A!{(opi : Ai → Bi)i; R} D = B!{(opi : Pi)i; R}
∆; Γ , x : A `M : D [∆; Γ , p : Ai, k : Bi → D ` Ni : D]i

∆; Γ ` return x 7→M
(opi p k 7→ Ni)i

: C⇒ D

Shallow

handle E[do opi V] with H Ni[V/p, λx.E[x]/k]

C = A!{(opi : Ai → Bi)i; R} D = B!{(opi : Pi)i; R}
∆; Γ , x : A `M : D [∆; Γ , p : Ai, k : Bi → C ` Ni : D]i

∆; Γ ` return x 7→M
(opi p k 7→ Ni)i

: C⇒ D



Languages with explicit support for effect handlers

Eff

Frank

Koka

Links

Multicore OCaml

Shonky



Handlers in Frank (demo)



Implementation strategies for effect handlers

I Free monads (Eff; Koka; Haskell libraries)
I Delimited continuations (ML/Scheme/Racket libraries)
I Direct manipulation of the stack (Multicore OCaml)
I Continuation Passing Style (Koka; Links client backend)
I Abstract machine (Links server backend; Shonky; Frank)



Effects bibliography

http://github.com/yallop/effects-bibliography
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Frank type synthesis rules

Γ [Σ]-- m⇒ A

VAR
x : A ∈ Γ

Γ [Σ]-- x⇒ A

POLYVAR

f : ∀Z.A ∈ Γ
Γ [Σ]-- f ⇒ θ(A)

COMMAND

c : A→ B ∈ Σ
Γ [Σ]-- c⇒ {〈ι〉A→ [Σ]B}

APP

Γ [Σ]-- m⇒ {〈∆〉A→ [Σ ′]B} Σ ′ = Σ Γ [Σ⊕∆]-- n : A

Γ [Σ]-- m n⇒ B



Frank type checking rules
Γ [Σ]-- n : A

SWITCH

Γ [Σ]-- m⇒ A A = B

Γ [Σ]-- m : B

DATA

k A ∈ D R Γ [Σ]-- n : A

Γ [Σ]-- k n : D R

THUNK

Γ ` e : C

Γ [Σ]-- {e} : {C}

Γ ` e : C

COMP

(ri,j : Tj --[Σ] Γ ′i,j)i,j (Γ , (Γ ′i,j)j [Σ]-- ni : B)i

(ri,j)i,j covers (Tj)j

Γ ` ((ri,j)j 7→ ni)i : (Tj →)j [Σ]B



Frank pattern matching rules
p : A a Γ

P-VAR

x : A a x : A

P-DATA
k A ∈ D R p : A a Γ

k p : D R a Γ

r : T --[Σ] Γ

P-VALUE

p : A a Γ
p : 〈∆〉A --[Σ] Γ

P-REQUEST

c : A→ B ∈ ∅ ⊕ ∆ (pi : Ai a Γi)i

〈c p→ z〉 : 〈∆〉B ′ --[Σ] Γ , z : 〈ι〉B→ [Σ⊕ ∆]B ′

P-CATCHALL

〈x〉 : 〈∆〉A --[Σ] x : {[Σ⊕ ∆]A}


