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• H. Hirai: Discrete convexity and polynomial solvability in minimum 0-extension 
problems, SODA13, MPA15

• H. Hirai: L-extendable functions and a proximity scaling algorithm for minimum 
cost multiflow problem, DISOPT15

• H. Hirai: A dual descent algorithm for node-capacitated multiflow problems and 
its applications, 2015, arXiv.

• H. Hirai: L-convexity on graph structures, coming soon.

-- Discrete Convex Analysis (Murota 1996 --)
beyond Ժ௡ (H. 2012--)

-- DCA-oriented algorithm design
for multiflow, facility location, and network design 

My recent research
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Garg-Vazirani-Yannakakis 94
• dual of LP-relax. of node-multiway cut
• dual half-integrality  2-approximation

Pap 08,09
• primal half-integrality ( Mader’s disjoint paths)

• strongly polytime solvability (ellipsoid)

Babenko-Karzanov 08
• Combinatorial ܱሺMF ݊,݉, ܥ ݊ଶሺlog ݊ሻଶlog	ܥሻ-time algo.
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Result
Combinatorial  log MSF -time algo. 

to find half-integral primal & dual opt.

MSF ݊,݉, ݄ : time of solving max. submodular flow 

																						݄: time of computing exchange capacity

Related work:
Chekuri-Madan SODA16: 2 ൅ ࣟ -approx. ෨ܱሺ݊݉/ࣟ)-time algo. 

for node-multiway cut

Fujishige-Zhang 92: ܱሺ݊ଷ݄ሻ-time algo. for max. subflow.
--- ܱሺ݉݊ଷlog ܶ ሻ-time algo. 

--- for 2-approx. of node-multiway cut 

5



basic idea --- solve dual first,  recover primal, 
combinatorially

LP-dual:  min.	 ෍ ܿ ݅ ሺ݅ሻݓ
௜	∈௏ି்

s.t.	 ෍ ݓ ݅
௜	∈௉ି்

	൒ 1		ሺܲ: ܶെpathሻ

ݓ ݅ 	൒ 0	ሺ݅ ∈ ܸ െ ܶሻ
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ݓ ) ݅ 	∈ 0,1 		→ node‐multiway cut)



min.	 ෍ ܿ ݅ ሺ݅ሻݓ
௜	∈௏ି்

௜ݓ ൌ 1

௜ݓ ൌ 0

1/2
0

s

t

u

Each edge 
belongs to same part, or
connects “adjacent” parts
or “top” part

s.t. partitions of	ܸ:

Each green part
contains 
exactly one terminal

Garg-Vazirani-Yannakakis half-integrality
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ܶ green parts
ܶ blue parts

Vazirani: Approximation Algorithms, 
Section 19.3



Submodular interpretation

Min.		݃ ݔ ≔ 	෍heightሺݔ௜ሻ ൅ 	Constraintሺݔሻ
௜

s.t.											ݔ௜ ∈

height

ሺ݅	 ∈ ܸ)

1

1/2

0

is “submodular”

݃ ݔ ൅ ݃ ݕ ൒ ݃ ݔ ⊓ ݕ ൅ ݃ሺݔ ⊔ ሻݕ

݃:

݊

ℚ ∪ ሼ൅∞ሽ

ݔ

ݕ

ݔ ⊓ ݕ

ݔ ⊔ ݕ
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I do not know 
how to solve this SFM & how to recover primal opt, 

directly & combinatorially

Max.     
s.t. multiflow

௉ ௉

edge-cost

:ߤ ܶ2 → Ժା trivalent  tree metric 

perturb

-- half-integrality preserved 
-- opt.  recovered by perturbed opt.

ݏ

ݐ

ݏ

ݐ
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(Perturbed) dual objective is “L-convex”

height

0
trivalent tree

݃ ݔ ൅ ݃ ݕ ൒ ݃
ݔ ൅ ݕ
2 ൅ ݃

ݔ ൅ ݕ
2

Favati-Tardella, Murota, Fujishige for Ժ௡, H. beyond Ժ௡

ݔ

ݕ
ݔ ൅ ݕ
2

ݔ ൅ ݕ
2

൏
൏
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ൈ ൈ⋯	ൈݔଵ
ଶݔ

௡ݔ

ൈ ൈ⋯	ൈ

Local opt = Global opt  Steepest Descent Algorithm

Local problem = SFM on

# iteration of SDA  ൑ ݈ஶ-diameter of domain
= ܱሺ݉ log ܶ ሻ (in our case)

11

A framework for minimizing L-conv. func.



Algorithm

opt. check at ݔ

ܱሺ݉	log ܶ ሻ

local minimizer ݕ around ݔ

If ݃ ݕ ൏ ݃ሺݔሻ, then ݔ ≔ ݕ Find multiflow ݂ satisfying

complementary slackness 
with ݔ

SFM on ሺ													ሻ௡

max. submodular flow problem
ܱሺMSF ݊,݉, 1 ሻ

non-optmin cut:ݔopt:ݔ

bisubmodular flow
feasibility

edge-cost ݂ ↦ ሺ݂ ݁ : ݁ ∈ ሻܧ

submodular flow
feasibility

liftproject trivalentness
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Why (bi)submodular flow ? 
ܰ ൌ ሺܸ, ,ܧ ܿ, ܶሻ

݅

௜

Complementary slackness:

1. ݂ ݅ ൌ ܿ ݅ 		if		height ௜ݔ ൐ 0

2. ݂ ݆݅ ൌ 0					if		ݔ௜, ௝ݔ are “close”

3. ݂ induces  “geodesic” flow by ݔ

ݏ
ݐ

ݏ
ݐ
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height

0



ݏ
ݐ

݅ଷ

݅ଶ
݅ଵ

bisub flow constraint on flow-support ݂: ܧ → Թା

1. ݂ሺߜሺ݅ଵሻሻ ൅ 	݂ሺߜሺ݅ଶሻሻ ൅ ݂ሺߜሺ݅ଷሻሻ	
ൌ
൑	2ܿሺ݅ሻ

3. ݂ ሺ݅ଵሻߜ ൅ ݂ሺߜሺ݅ଶሻሻ 	൒ ݂ሺߜሺ݅ଷሻሻ

1 1/2

lift

submodular flow 
constraint
of “disjoint” 6-dim submo.

---> ݄ ൌ ܱሺ1ሻ
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Summary, remark, question

• First combinatorial strong polytime algo. for max. 
node-cap. free mulitflow

• DCA idea brings combin. polytime algo. for 
another mincost multilfow problem [H.15]

• ?? more direct combinatorial algorithm without 
perturbation 

• ?? SFM on  ൈ ൈ⋯	ൈ

Thank you for your attention 15


