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a) r has acomputablébinary expansion
) Thereis analgorithmprinting, onin

—m[N, someallZ with |r-a/2™1<27 « rO
¢) Thereis analgorithmprinting two ([l
sequence@,)JQ and €,) with |r-g [<e,—0

numerators [b) = ¢) holdsuniformly, | ("interval
denominators| = a) does not [Turing'37]larithmeti

[ h ne r Forréﬁ P,l L There is an algorithm
which, givenn0lN, prints
€folfoy QOQP eirvelent b, 0{0,1} Wherer => b, 2"

ErnstSpecker(1949): (c) <« Halting problemplus (d)
d) Thereis analgorithmprinting (q.,)0JQ with g, —r.

H :={ (B,X : algorithmB terminates on input }

N
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Uniformly Computable Real Functions "¢ e

Introduction to Real Complexity Theory

A computable
function must
be continuous

| L I | -

X[JR computable= [x-a/2"1<2™" for recursive(a,)[1Z
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Function f:[0,1] R computable |in time t(n)

if some TM can, on input of @0Yand of T

ith [x-a,/2™ <2

in time t(N) output bZ with [f(x)-b/2m1<2n \Z

Examples: a) +, x, exp polytime on [O;1]
b) f(X)=X, -, 4" iff LO{ 0,1} polytime-decidable
c) $ihr{dHeavisidelnbtreomcguabikble

_ xy2 = [fO)-F(y) 2"
Observation i) If f computable = continuous.

ii) If f computable in time t(n), then
. t(n) is a modulus of uniform continuity of f.

—
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On the Complexity of Operators
f:10;1] - [0O;1] polytime computable (= continuous)

e Max: f - Max(f): x - max f(t): t<x} iy
Max(f) computable in exponential time; S
nolytime-computable iff P=NP VR Mal=la g
- restricting

Jof - I (¢ I £(1) it o fDCoog 2
|f computable in exponential time; =
‘#P-complete"” R

e dsolve C[0;1]x[-1;1] Of - z z(t)=f(t,2), z(0)=O0.
= in general no computable solution Z(t)

= for fLOC! PSPACE-"complete" [Kawamura'l0,
= for fOCK CH-"hard" Kawamura et al]



(] : :
Max is NP-hard i wx
Introduction to Real Complexity Theory

NP OL ={ NON | CM<N/NP, M
Coogvtﬁ

o(t) = exp(tz/1-12)

C-'pulse' function0™ N 5t:1/4|\t| v, =1
polytime computable N4 NS 01,2 ||\\|/| % M=1 |\|>||f(])-

To every LONP there exists a polytime
computable C” function g;:[0,1] >R s.t.:
[0,1]—maxg, |y again polytime iff LUP
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On the Complexity of Operators

f:]10;1] - [0O;1] polytime computable (= co_ntinuous)
. Max: f — Max(f): x — max f(t): tex} [Friedman’z
8Ko'82] =

Max(f) computable in exponential time;

nolytime-computable iff P=NP /ven when §
, restricting |—
i f o If:(x = [, f(t) db) to fOC* |'w
,'f computable in exponential time; but f(_"‘ g
#P-"complete" [Friedman&Ko'82] @'L?;{fmef/(z
e dsolve C[0;1]x[-1;1] Of - z z(t)=f(t,2), z0)=0.2.
= in general no computable solution z(t) o

= for fO0Ct PSPACE-"complete" [Kawamura'l0,
= for fOCK CH-"hard" Kawamura et al]
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Three Effects in Real Complexity > oweror

that numerlcal SC|ent|StS m|ght be Introduction to Real Complexity Theory
interested in / should be aware of cmp. "feasible real-RAM"

a) natural emergence of multivaluednéess
(aka non-extensionality) - e-semantics of "<"

b) Uniform computation may require discrete advice
or otherwise 'enriched' representations (TTE)
— which yield canonical C++ declarations

c) Parameterized uniform upper complexity bounds

Example (Brattka&”Z, Computable Spectral Thm)
Finding an eigenvector (basis) to a given real

Example: +, expcomputable in time polynomial
in n_on [0:1]; on [0:2¥

: + in time polynomial in
o — Independent of X
n+k, expin time polynomial in n+2<, EiNeeisEledeleln
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Obstacles to a Uniform 'Y
Complexity Theory of Operators. ... 05"

Evaluation Eval:(f,x) - f(X)

a) requires >u(n) steps, u:N—N mod. of continuity to f.
"Parameter" u(f) is not N-valued but NY-valued!
b) Even restricted to the compact domain [SS24€nt:
L, :={ f][0;1]—[0;1] 1-Lipschitz} (Arzela=Ascoli)

there exists no representation 0:00{0,1}*— L,
rendering Eval computable in subexponential time.

>22"" functions pairwise differing 2'”?/\/\/\/\/\
| |

when evaluating up to error 27 ~on1 hats
but only 2t different initial - als
segments of d-names that can

be read within t(n) steps. q.e.d.
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Prog ress, open QueStlonrsuctionto RealomplexityTheory

e Computing maxima, integrals, and ODEs is hard;
and smoothness presumptions kicks in late.

e Discrete advice/enrichment and multivaluedness

o uniform complexity theory of operators

o and of higher type objects

(Calculus of Variation, Optim.Control, Shape Opt.)
o complexity of Euclidean subsets

o complexity of analytic ODEs

o complexity of PDEs

o characterize more complexity classes numerically

e Why do numerical algorithms work so well in
practice? - formalization / smoothened analysis
e Transfer from theory to practice: | RRANV




