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The Tychonoff theorem

Topological space X = (X, 7), topology T = set of open sets

KCX is compact iff every open cover of K has a finite subcover.
(VoCr, KC|Jo) (3InCo) (7 is finite and KC |J7)

Product X = (X,7)=X; x Xy x ... of spaces X; = (Xj, 7}):
—X::X1><X2><...
—every set Xq X ... X Xi_1 X Ug X X1 X ... is open (Ux € %),
— add all finite intersections,
— add all unions.

Theorem (Tychonoff)
The product K1 x Ky x ... of compact sets is compact.

(accordingly for arbitrary products )., X; of spaces X;)



Computability via multi-representations

Representation approach

Computable functions on X* and X (finite and infinite sequences
of symbols) are defined explicitly by Turing machines.
Computability on “abstract sets” X is defined by computations on
“concrete” names from L* or ¥%.

A representation of a set X

is a partial surjection 6 : C Y — X, where Y =X or Y = ¥¥.

d(p) = x means that p is a name of x.



Examples of representations
-y :CX* = N, y(1111) = 4 etc.
addition, multiplication etc. are computable w.r.t. vy.
— pdec(3.14159...) = 7 etc. (decimal representation)
— | : CX* — RI canonical representation of {(a, b)CR | a, b € Q}.
-p:C¥Y 5 R, p(upbus$...) = xiff
I(ug), I(u1), ... is a list of all rational intervals J such that x € J.
There is no (p, vy)-computable function f : R — N such that
x < f(x), but:

There is a computable function h: % — ¥* such that
p(p) =x = x <wyoh(p).

The multi-function f : R = N is (p, vy)-computable, where
f(x) is some n € N such that x < n.



Computable Analysis needs multi-functions.
Computable Analysis needs multi-representations.

A multi-representation of a set X is a
surjective multi-function § : Y = X, where Y = X" or Y = X%,

x € 0(p) means that p is a name of x,
p may be the name of many x € X.
(Many people have the name Miller.)



Induced computability

Multi-representations v : X% = X and 75 : ¥ = Xp
f:CXY¥ — ¥¥ operates on “concrete data”,
g : X1 = Xp operates on “abstract data”.

y f Yo
vy Yo
X g xo € g(x) N ~o(yo)

Figure : f realizes g via (7, 7)-

g is computable iff it has a computable realization.



Tychonoff on computable topological spaces

Definition effective topological space X = (X, 7, 3,v)
-7isTp: x=y if {Uer|xelU}={Uer|yeU}
- BCr is a countable base

-v:CXY* — fis a representation of 3

Definition X = (X, 7, 3,v) is computable iff
- dom(v) € X* is recursive
- There is some r.e. set SC(dom(a))3 such that

v(u)Nw(v) = U{wv(w) | (v, v,w) € S}
Examples: (R, 7z, RI, /), R? with rational open Euclidean balls

Definition product of X = (Xl,’/"l,ﬁl, Vl), X = (XQ,TQ,BQ, V2) :
X1 x Xp:= (X1 x X2, 7, B,v), v(unSuwz) :=wvi(uv1) X v2(u2)

Theorem X; x X, is computable if X; and X5 are computable.



for an effective topological space X = (X, 7, 8, v):
Definition (Multi-representation rkx of compact sets)

K € rx(p) iff p is (encodes)
a list of all {u1,...,ux} such that KCu(uy) U ... Uv(ug).

Theorem (Tychonoff I)
For computable topological spaces X3 and Xz with product
X = X1 x Xp, the product operator on compact sets,

(K1, K2) = K1 x Kz, is (kx,, kx,, kx)-computable.

Corollary
The product of computable compact sets is computable compact.



Computable Tychonoff on the class of effectiv topological
spaces

Definition Products of eff. top. spaces X; = (X;, 7;, Bi, Vi)
X1 x Xo = (X1 x X, 7, 8,v),  v(umbuz) :=11(u1) x va(w2)

Xy x oo x Xy X Xpgg i= (Xg X oo X Xp) X Xpg1

Xy x Xox....=Y = (Y, 7y, By, vy) where
Y = X1 X X2 X,
vy (ur, .., uk) = vi(ur) X va(ue) X .o X vk (k) X Xipr X Xieg X

Ty := the topology on Y generated by range(vy).



Multi-representation of all eff. top. spaces

The concrete data of an eff. top. space X = (X, 7, 3,v):
— the characteristic function of dom() and
— an enumeration of some set S such that

v(u)Nv(v) =U{r(w) | (u,v,w e S}.

Definition (Multi-representation A : ¥ = 7T of the class 7
of all effective topological spaces)
X =(X,r,B,v) € Alr,s) iff
— r enumerates the graph of the characteristic function of dom(v)
— s enumerates a subset SC(dom(v))3 such that

v(u)Nv(v) =U{v(w) | (u,v,w e S}

Remark Spaces with the same name may be not homeomorphic.
A(p) has a maximal element X,.



Definition For multi-representations 4; : X“ = Z;:

[01,02,...]7(1"0(p1, ..., pn)) := {n} x 61(p1) X ... x dn(pn),
[51,52, .. .]<p1,p2, .. > = 51(/31) X 52(/32) X ...

Theorem (products of spaces)
(X17X2) — X1 X X2
is (A, A, A)-computable

(n,xl,X2,...)l—>X1 ><X2./><... ><Xn
is ([A, A, ...]"T, A)-computable,
(X17X27...)>—>X1 ><X2,><...
is ([A, A,...], A)-computable.



Definition
Multi-representation of the class of all compact subsets of effective
topological spaces:

(X,K) € x2(p,q) = X € A(p) and K € rx(q)

Theorem (computable Tychonoff)
(X1, K1), (X2, K2)) — (X1 x X2, K1 x K2)
is (k2, kA, k®)-computable.

n, (X1, K1), (X2, K2),...) = (Xg X oo x Xy K1 X ..o X Kp)

9

(
A KA. ]T, kA)-computable.

is ([

((Xl,Kl),(XQ,Kz),...)i—)(Xl ><X2 X ...,Kl X K2 X )
is ([x2, k2, ...], k®)-computable.

Corollaries . . .



Products of sets and Tychonoff for mincover

Definition Mincover representation of compact sets
— For X = (X, 7, 3,v), and compact KCX,

K € kx(p) iff pis (encodes) a list of all sets {u1, ..., ux}
such that KCr(u) U ... Uv(uk)} and (Vi) K Nw(u;) # 0.

- (X,K) € %(p,q) iff X e d(p)and K € kx(q).

Computable Tychonoff also for mincover?



For effective topological space X = (X, 7,3, v)

Definition ( multi-representation of 2%:)
Acix(p) <= p isalistofall u suchthat ANv(u)#0.

Remark for open U:

ANU#D <= ANU#D

Acyx(p) <= Acyx(p)
JX generalizes the positive representation 1T of the set of closed
sets.

There is a computable Ti-space with non-closed compact sets.



Definition
Multi-representation of the class of all subsets of all effective

topological spaces: N
(X,A) € v2(p,q) <= X e A(p) and Ac yx(q)

Theorem (computable Cartesian products)
(X1, A1), (X2, A2)) = (X1 x Xo, Ar X Ay)

is (@ZA,@ZAJZA)—computable.

(n, (X1,A1), (X2, A2),...) = (X1 X ... x Xp, Ap X ... X Ap)
is ([VZAa DA, .. I, JA)—computable_

(X1, A1), (X2, A2),...) = (Xg x Xo x ..., A x Ay x ...)
is ([{EA, VA, .. 1, JA)-computabIe.

Corollaries . . .



Lemma =2 = k2 /\1‘;A
where (k2 A 42)(p, q) := £*(p) N ¥4 (q)
By this lemma and the above theorems for x® and {EA:

Theorem (computable Tychonoff for mincover)

((Xl, Kl) (XQ, Kg)) (Xl X X2, Kl X Kg)

is (R, "2, K2)-computable.

(n, (X1, K1), (X2, K2),...) = (X1 X ... x Xp, K1 X ... X K})
is ([R2, 72, .. ], k?)-computable.

((Xl,Kl),(Xz,KQ),...)i—)(X1 XX2 X ...,Kl X K2 X )
is ([R2, 52, .. ], K®)-computable.

Corollaries . . .



Accordingly multi-representations of other classes of structures:

effective Banach spaces, effective metric spaces, effective Hilbert
spaces, effective measure spaces, etc.
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